Abstract: A critical notion in the field of communication-limited control is the lowest data rate above which a given system is stabilisable. In this paper the objective is to derive this rate for a multidimensional LTI system when exponential stability with a given decay is desired. By assuming an initial state probability density, a new quantiser distortion lower bound and an asymptotic quantisation result are able to be applied to derive the infimum stabilising data rate, under very mild requirements on the initial density. Furthermore, a stabilising scheme is explicitly constructed.
INTRODUCTION
In recent years, rapid progress has been made in the field of control with limited communication rates, particularly for deterministic linear systems. Beginning with (Delchamps, 1990) and continuing with (Wong and Brockett, 1999; Baillieul, 1999; Elia and Mitter, 1999; Brockett and Liberzon, 2000; Petersen and Savkin, 2001) , a number of different coding and control schemes have been proposed and analysed. A common feature of all these articles were inequalities which gave sufficient data rates for stabilisability but which were tight, i.e. the least possible, only for dimension one. In (Nair and Evans, 2000) , asymptotic quantisation theory (Gersho, 1979; Graf and Luschgy, 2000) was used to explicitly derive the smallest data rate above which a given auto-regressive moving average (ARMA) system of arbitrary dimension could be asymptotically stabilised. However, in a sense this work was not far from the one-dimensional case, as the initial condition was scalar.
In this paper, the methods of asymptotic quantisation are extended to the deal with a general, noiseless, discrete-time, LTI system in d . A precise formulation 1 Email: gnair@ee.mu.oz.au is given in the next section. Assuming that the initial state is governed by a non-singular probability density with finite ¡ m ¢ ε £ t h absolute moment, the objective is to find the least data rate above which a coding and control law exists that takes the mth absolute state moment to zero faster than a given exponential decay. The main result of this paper, Theorem 1, is stated here and gives an expression for it in terms of the ratios of the unstable eigenvalue magnitudes to the decay constant. A similar result for asymptotic stabilisability has also been presented in (Tatikonda and Mitter, 2000) . 2 The proof outlined there is quite different, employing a covering argument and relying on the existence of a known bound for the deterministic unknown initial state. Here in contrast, the initial state is random, possessing an unknown density that may have infinite support and 'fat' tails. The fact that essentially the same result is obtained indicates that it is in some sense fundamental.
The remainder of the paper basically constitutes the proof of Theorem 1. In section 3, the system dynamics are explicitly decoupled and the control objective is shown to be equivalent to recursively quantising the initial state so that a mean mth power error term approaches zero exponentially fast. In the subsequent section, the necessity of the data rate specified in Theorem 1 is established by means of a new quantiser distortion lower bound. In the penultimate section, its sufficiency is confirmed by explicitly constructing a coding and control scheme and using a result on scalar asymptotic quantisation (Linder, 1991; Graf and Luschgy, 2000) to characterise its performance.
FORMULATION
Certain conventions are followed in this paper. Sequences 
Lebesgue measure λ . Vectors are written in bold-face type, matrices in bold-face upper-case, random variables in upper-case and their realisations in corresponding lower-case letters. All random variables are assumed to exist in a common probabability space. The probability density of X is written p X , expectation E and probabilities, densities and expectations conditioned on an event A a are given a subscript a. 
Consider the discrete-time, linear time-invariant system 
The formulation of the coder, controller and digital link below are essentially the same as in (Nair and Evans, 2000) . The sensor is connected to a distant controller by a digital channel that can carry only one symbol s k from a coding alphabet
12 during each sampling interval. Each symbol is generated via
where
Each is then transmitted over the digital link, with data rate R ∆ log 2 µ bits per interval, and arrives in entirety at the controller after one sampling interval. The controller then calculates
where δ k :
In the spirit of Shannon's source coding theory, no structural or computational constraints have been placed on the coder and controller, apart from causality, and the digital channel is assumed to be error-free. In addition, as discussed in (Nair and Evans, 2000) R should be regarded as the overall data rate of the entire feedback loop, not just the path from sensor to controller.
Define the coder-controller as the pair of mapping sequences
For a given constant ρ @ 0, the objective is to find a coder-controller that ρ-exponentially stabilises the plant (1) in the sense that ρ
while using as low a data rate as possible. As remarked in the previous section, for noiseless ARMA systems with a scalar initial condition there is a critical data rate, given by the base-2 logarithm of the largest eigenvalue magnitude, which determines whether closed-loop asymptotic stability is possible. It may therefore be expected that a critical data rate will also exist for the case of a general multidimensional LTI system. The main result of this paper is now stated:
Theorem 1. Assume that the initial state of the system (1) is governed by a probability density that is nonsingular with respect to Lebesgue measure on d and has finite 
where η 1 This result assumes nothing about the coding and control laws but causality. In a very general sense, it therefore draws a fundamental line of demarcation between what is and is not achievable when communication bandwidth is limited, in addition to providing a conceptual measure of the difficulty of stabilising a given system as remarked in (Baillieul, 1999) .
The remainder of this paper is devoted to outlining the proof of Theorem 1. In the next section, the problem is transformed in order to simplify its analysis and clarify its connection to asymptotic quantisation. In section 4, the necessity of (5) is then established via a new quantiser distortion lower bound. Finally, its sufficiency is established in Section 5 by explicitly constructing a coder-controller that achieves (4) for any data rate satisfying (5).
QUANTISATION OF INITIAL STATE
Instead of dealing with the state x k directly, it is convenient to transform it so as to simplify the system dynamics. In order to avoid the complex-valued transformation matrix required by the Jordan canonical form, the real Jordan canonical form (Horn and Johnson, 1985) will used.
, not counting conjugates and ordered by non-increasing magnitude, and let the algebraic multiplicity of each λ i be m i . The real Jordan canonical form J has the block diagonal structure 
Furthermore there exists a real similarity matrix T
the system equations (1) can then be writteń
By partitioning the transformed state vector into the vectorsx
corresponding to each subsystem, the dynamical equation above can be rewritten more explicitly
denotes that portion of the TBu k control vector that feeds into the ith subsystem. In the form (10), it can be seen that the original system has been decoupled into n real subsystems, with open-loop dynamics characterised by either a single eigenvalue or a pair of complex conjugate eigenvalues, possibly repeated. As T is invertible, the problems of exponentially stabilising (9) and (1) are equivalent.
The key idea in the proof of Theorem 1 is the equivalence of the control problem to recursive quantisation of the initial state. Expanding (9) out
Observe that the sum above is a function of the symbol sequences kB 2 which is in turn completely determined byx 0 , for a given coder. Thus a function q kB 1 : d Apart from the time-varying coefficients and matrices, the term on the LHS is the mean mth power error (MmPE) distortion criterion that is commonly used in asymptotic quantisation theory, e.g. (Graf and Luschgy, 2000) . This equivalence to a quantisation problem is not surprising, since the initial state is the only unknown quantity in the system. However the presence of the time-varying matrix J k makes achieving (13) somewhat more complicated than in standard asymptotic vector quantisation, primarily because it makes the quantiser errors of the subsystems grow at different speeds. It is intuitively obvious that the recursive quantiser for the initial state should somehow allocate more quantisation levels -and hence a larger proportion of the data rate -to unstable subsystems, so as to balance the MmPE's of all. In section 5, it is shown how this can be done. First however, very general quantisation arguments are used to show that the data rate must satisfy (5) for exponential stability in the sense of (4), irrespective of the coder-controller used.
NECESSITY
The first step towards proving Theorem 1 is to establish the necessity of (5). The approach used is to find a lower bound for ρ B km E § ´X k § m which is independent of the coder-controller and is also easier to analyse in terms of its dynamics and the data rate. More precisely, this bound is sought for the mth absolute moment of the overall state vector corresponding to subsystems with eigenvalue λ i a y ρ, since the remaining subsystems are ρ-exponentially stable without needing any control.
With this aim in mind, let
It is straightforward to show that § R § 1 and
m , which by hypothesis I 0, it follows that as k
In order to lower-bound the RHS expectation over all coder-controllers, the following lemma is used:
f a quantiser with not greater than ν distinct points and cp ν : f I f the mean-mthpower-error-optimal, ν-point quantiser for X. Then
where β @ 0 depends only on m, f and r.
Proof: Omitted for lack of space, but briefly it uses Holder's and Jensen's inequalities.
Applying this lemma to the R.H.S. of (17) 
where the last product includes conjugate and repeated eigenvalues. Taking logarithms yields (5).
SUFFICIENCY
The final step in proving Theorem 1 is to establish that any data rate satisfying the inequality (5) is sufficient to be able to somehow ρ-exponentially stabilise the system (1). In order to do so, a specific codercontroller will be constructed and its convergence properties analysed. This scheme is described below. 
with l¨n denoting rounding down, and define c¡ x£
12 , record the measurements of the system (1). At time k d, calculate the transformed initial statex 0 of (9) by solving
This is possible since the observability matrix W o has rank d. Indicating each scalar component ofx
, apply the compressor c component-wise and expand in base-µ,
where z 
in the base-µ expansion of each compressed scalar component c
. Estimate each component of the transformed initial statex 0 by
Then calculate control signals u d3 jτ
, u 2d3 jτ B 1 by using the reachability of Coder-Controller 1 can be cast into a more practical form in which the current transformed state is recursively quantised, not just its initial value. However, in the form above it is easier to apply results from asymptotic quantisation, which typically deals only with static random variables.
Before proceeding, it needs to be verified that the sum of sub-epoch durations d i τ i is not greater than the epoch duration τ, for otherwise the time-sharing protocol above is infeasible. Observe that
where the final sum includes repeated and conjugate eigenvalues. As the coefficient of τ is 1 by the hypothesis (5), it follows that the RHS and hence LHS h any sufficiently large epoch length τ.
Upper bounds on the mth state absolute moments generated by this coder-controller will now be derived under the assumption that (5) 
using the diagonal block structure (6) of the real Jordan form J. As J i is similar to the block diagonal matrix consisting of all Jordan blocks associated with λ i , a trivial adaptation of a result in (Horn and Johnson, 1985) (pg. 138) states that
Substituting into (25), taking expectations and using e
Now, by (22) and (23) is the the uniform, ν-level, mid-point quantiser on the unit interval.
The function on the RHS above describes a so-called companding quantiser for a scalar random variable. A result in (Linder, 1991; Graf and Luschgy, 2000) states that if X 6 is a random variable with probability density p X which is absolutely continuous with respect to Lebesgue measure λ and the derivative α of a function c : 
)
Applying this to each term in the first sum in (27) and dividing by ρ
